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EXISTENCE AND UNIQUENESS OF NEAR-HORIZON GEOMETRIES FOR
5-DIMENSIONAL BLACK HOLES
AGHIL ALAEE, MARCUS KHURI, AND HARI KUNDURI
Abstract. We prove existence of all possible bi-axisymmetric near-horizon geometries of 5-dimensional
minimal supergravity. These solutions possess the cross-sectional horizon topology S3, S1 × S2, or
L(p, q) and come with prescribed electric charge, two angular momenta, and a dipole charge (in the
ring case). Moreover, we establish uniqueness of these solutions up to an isometry of the symmetric
space G2(2)/SO(4).
1. Introduction
An open problem in general relativity is the classification of stationary, asymptotically flat black
hole solutions (M,g) in spacetime dimension D ≥ 4 [6, 9, 15]. In the analytic setting, the rigidity
theorem asserts that a stationary, rotating black hole is axisymmetric, that is, it admits an additional
spatial isometry with closed orbits [13, 16, 18]. The Killing field generating this isometry commutes
with the stationary Killing field. Solutions of the Einstein-Maxwell equations in D = 4 in this setting
can be recast as harmonic maps from the upper half plane to complex hyperbolic space equipped
with its canonical metric of negative sectional curvature. This can be used to show that a solution is
uniquely specified by three real parameters. Along with the fact that a D = 4 black hole must have
spatial horizon topology S2, this demonstrates that the Kerr-Newman family exhausts all possible
analytic, asymptotically flat black hole solutions of the Einstein-Maxwell equations (see [6] for a
review). A non-rotating black hole must be static, and this can be shown to imply it must belong
to the Reissner-Nordstro¨m family, which itself is a subset of the Kerr-Newman family.
The analogous classification problem in D = 5 remains open. The rigidity theorem guarantees
only the existence of a single U(1) isometry subgroup. It proves useful to assume the existence
of an additional rotational isometry. In this case a harmonic map formulation exists for the pure
vacuum Einstein equations and certain supergravity theories. The latter are natural generaliza-
tions of standard Einstein-Maxwell theory which are of interest in high-energy physics because their
action functionals are invariant under supersymmetry transformations. The topology theorem in
this restricted setting asserts that the topology of (a connected component of) the horizon must be
S3, S1 × S2, or L(p, q) [12, 11, 17]. There is now a large literature on finding explicit solutions in
the above class, and in particular, examples have been constructed of several of these horizon types
[25, 29, 30, 33]. Using the vacuum harmonic map formulation, it has been proved that specification
of a certain set of invariants (interval data) uniquely characterize a black hole solution in this class
[10, 17]. More precisely, this data characterizes the fixed point sets of the U(1)2 action on spacetime,
as well as the hypersurfaces on which a stationary Killing field is null. This fixes the topology of the
horizon and domain of outer communication, as well as other geometric invariants such as the mass
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and angular momenta of the spacetime. Existence, however, remains a challenging open problem
although recent progress has been made [20].
To address the classification problem we will restrict attention to the class of extreme black holes.
This subset of stationary solutions have vanishing surface gravity, that is the event horizon is a de-
generate Killing horizon. Extreme black holes play an important role in various contexts. Physically,
for fixed mass they have maximal charge and/or angular momenta and saturate certain geometric
inequalities. In particular, extreme black hole initial data is known to minimize the mass amongst
black hole initial data with fixed angular momenta and charge. This has been established in D = 4
[7] and in D = 5 for black hole initial data having S3 [1, 3] and S1 × S2 [2] horizons. From the
standpoint of high-energy physics, the vanishing surface gravity implies that extreme black holes do
not Hawking radiate. Indeed, they are the best understood within theories of quantum gravity such
as string theory, which has supplied a statistical account of the Bekenstein-Hawking entropy of a
large class of extreme black holes [32].
The key property of extreme black holes that we will exploit is that each admits an associated
near-horizon geometry [24]. This is a well-defined geometric limit which yields a precise description of
spacetime in a neighborhood of the degenerate event horizon. This limit preserves certain properties
of the parent black hole, such as the horizon geometry, although asymptotic information such as
the mass and angular velocity is lost. Suitable definitions of charge and angular momenta, however,
do exist although there are subtleties in extrapolating these to the analogous quantities defined
in the usual way on the asymptotic sphere at spatial infinity. Classifying near-horizon geometries
gives valuable data on the possible set of all extreme black hole. In particular, the absence of a
near-horizon geometry with particular horizon topology (or geometry) implies non-existence of an
extreme black hole with that horizon. The inverse problem, proving the existence of parent extreme
black holes with prescribed asymptotic behavior is a difficult open issue; progress in this direction
has only recently been made in the axisymmetric case by integrating ‘out’ from the horizon along
outgoing null radial direction [27, 28].
As we explain below, the near-horizon limit zooms in on the region near the event horizon. This
removes a radial degree of freedom. Thus instead of solving PDEs on a (stationary) Lorentzian man-
ifold of dimension D, the field equations reduce to geometric equations on a D−2-dimensional closed
Riemannian manifold (a spatial cross-section of the event horizon). This is clearly a considerable
simplification. In the problem at hand, U(1)D−3-invariant near-horizon geometries of stationary,
extreme black holes are cohomogeneity one. The near-horizon geometries reduce to harmonic maps
from a closed interval to a target space with nonpositive sectional curvature. It turns out that these
harmonic maps are singular in the sense that they will blow-up at the endpoints of the orbit space
interval. Given a harmonic map satisfying appropriate boundary conditions, one can always integrate
the rest of Einstein’s equations to obtain a near-horizon geometry.
For the large class of gravitational theories which admit a harmonic map formulation (e.g. pure
vacuum and various supergravity models) it is possible to integrate the resulting ODEs explicitly to
obtain an analytic expression for a coset representative matrix associated with the target space [23].
In the vacuum, it is possible to determine the harmonic map scalars explicitly and then obtain a full
classification of near-horizon geometries of D-dimensional stationary extreme vacuum black holes ad-
mitting a U(1)D−3 isometry subgroup [14]. However, in supergravity theories with more complicated
matter content (scalar fields and multiple Maxwell fields) the problem of obtaining the harmonic
map functions from the coset matrix reduces to solving a large set of algebraic constraints which
is, in practice, not possible. This makes it impossible to reconstruct the near-horizon geometries
from the harmonic map and prevents a classification, mainly because one cannot implement global
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regularity conditions on the local solutions. Thus neither the problem of existence nor uniqueness
can be addressed, which is unsatisfactory.
In this work we will instead introduce an abstract approach into the study of this problem of
existence and uniqueness for near-horizon geometries in theories admitting a harmonic map formu-
lation. Of particular interest is D = 5 minimal supergravity, as it arises within the context of string
theory compactified on the torus T 5. This approach is originally due to Weinstein [34], who exploited
the fact that the stationary, axisymmetric Einstein-Maxwell equations in 4-dimensions reduce to a
harmonic map with prescribed singularities Ψ : R3 \ Γ → H2
C
where Γ represents the axis of sym-
metry. In particular he succeeded in proving the existence and uniqueness of such harmonic maps
with prescribed singularities. This elegant technique yields solutions describing multiple rotating
black hole configurations which are smooth away from the axis. Very recently, this method was ex-
tended to the D = 5 bi-axisymmetric vacuum setting by one of the present authors, Weinstein, and
Yamada [20, 19]. This work achieved existence and uniqueness results for singular harmonic maps
corresponding to black holes of lens and ring topology and having various asymptotics at infinity.
2. Statement of Main Results
We will consider five dimensional spacetimes (M,g, F ) where M is a smooth, orientable manifold
equipped with a Lorentzian metric g having signature (−,+,+,+,+), and F is a closed 2-form
describing the Maxwell field. A solution (M,g, F ) of D = 5 minimal supergravity is a critical point
of the following action functional
(2.1) S =
∫
M
R ⋆ 1− 1
2
F ∧ ⋆F − 1
3
√
3
F ∧ F ∧ A,
where ⋆ is the Hodge dual operator associated to g and R is scalar curvature. In addition, a local
1-form gauge potential has been introduced so that F = dA, although in general H2(M) 6= 0 so A
need not be globally defined. This theory automatically includes vacuum general relativity when
F ≡ 0. The spacetime field equations derived from this functional are
(2.2)
Rab =
1
2
FacF
c
b −
1
12
|F |2gab,
d ⋆ F +
1√
3
F ∧ F = 0.
Unlike the more familiar pure Einstein-Maxwell system, d ⋆ F 6= 0. As discussed above, the theory
(2.1) is more natural in a variety of contexts. Firstly, it arises in standard dimensional reduction
on tori of the 10 and 11-dimensional supergravity theories which govern the low-energy dynamics
of string and M-theory. Secondly, as we discuss below, the field equations reduced on spacetimes
having a U(1) × U(1) action by isometries admit a harmonic map formulation with nonpositively
curved target space.
Consider a stationary 5-dimensional spacetime containing a degenerate Killing horizon with Killing
field V . This implies that there is an embedded null hypersurface N on which |V |2N = 0 and
∇V V |N = 0. A spatial cross section of N is a 3-dimensional closed Riemannian manifold H. A
spacetime containing an extreme black hole would satisfy these conditions. In a sufficiently small
neighborhood of the event horizon we may always introduce adapted Gaussian null coordinates that
describe the near-horizon geometry with spacetime metric
(2.3) gNH = r
2α(y)dv2 + 2dvdr + 2rβa(y)dvdy
a + γabdy
adyb,
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where ya, a = 1 . . . 3 are local coordinates on H with γab its induced Riemannian metric, α, βa are a
function and 1-form on H respectively, and V = ∂v . The event horizon N corresponds to the null
hypersurface r = 0. Similarly the Maxwell field may be expressed in this coordinate system by
(2.4) FNH = Fvr(y)dv ∧ dr + rFva(y)dv ∧ dya + F˜ ,
where F˜ is a closed 2-form on H. In fact the Bianchi identity dF = 0 further implies that
(2.5) FNH =
√
3d(ς(y)rdv) + F˜ ,
where we have set
√
3ς(y) = −Fvr. A lengthy computation [22] shows that the spacetime field
equations (2.2) are equivalent to the following set of equations defined on H
Ric(γ)ab =
1
2
βaβb −∇(aβb) +
1
2
F˜acF˜bdγ
cd +
1
2
ς2γab − γab
12
|F˜ |2,
α =
1
2
βaβ
a − 1
2
∇aβa − ς2 − |F˜ |
2
12
,
d ⋆γ F˜ = − ⋆γ iβF˜ −
√
3 ⋆γ (dς − ςβ) + 2ςF˜ ,
(2.6)
where ∇ is the connection associated to (H, γ). The above formulation of the field equations on
near-horizon geometry spacetimes have many advantages over a standard spacetime approach. In
particular, equations (2.6) are defined on a closed Riemannian manifold (H, γ) as opposed to a non-
compact Lorentzian one. This is a considerable simplification which facilitates global arguments.
The electric charge associated to the near-horizon geometry is given by
(2.7) Q = 1
16π
∫
H
(
⋆F +
1√
3
A∧ F
)
.
Note that the field equations imply that the integrand is a closed 3-form. If H2(H) is nontrivial,
then a dipole charge may be defined by
(2.8) D[C] = 1
2π
∫
C
F,
for each homology class [C] ∈ H2(H). This is a ‘local’ charge in the sense that it is not associated to
a conserved magnetic charge. Furthermore, by introducing Killing fields η(i) that generate the U(1)
2
isometry with associated 2π-orbits, so that
(2.9) Lη(i)g = 0 , Lη(i)F = 0 ,
we may define angular momenta
(2.10) Ji = 1
16π
∫
H
⋆dη(i) +A(η(i))
(
⋆F +
2
3
√
3
A ∧ F
)
where the same notation is used to denote the dual 1-form to the rotational Killing fields, and L
represents Lie differentiation. The field equations and the existence of the isometry imply once again
that the integrand is a closed 3-form.
In the presence of a U(1)2 isometry, solutions of the field equations for near-horizon geometries (or
equivalently solutions (γ, β, ς, F˜ ) of (2.6)) can be interpreted as singular critical points of a weighted
Dirichlet energy for maps from (−1, 1)→ G2(2)/SO(4). The latter is an 8-dimensional non-compact
Riemannian manifold equipped with a metric having non-positive sectional curvature.
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Theorem 2.1. Given a cross-sectional horizon topology of S3, S1 × S2, or L(p, q) and values for
the electric charge Q, angular momenta Ji, and dipole charge D (in the ring case), there exists a bi-
axisymmetric near-horizon geometry solution of 5-dimensional minimal supergravity realizing these
characteristics. Moreover this solution is unique up to an isometry in the target space G2(2)/SO(4)
and a translation in the arc length parameter for the the harmonic map.
We note that this theorem includes the vacuum case [14] in which Q = D = 0, and the target
space is replaced by SL(3,R)/SO(3).
3. Bi-Axisymmetric Near-Horizon Geometries
We are interested in proving existence and uniqueness properties of a class of solutions (g, F )
of the field equations that describe near-horizon geometries. Such geometries describe in a precise
way the spacetime sufficiently close to a degenerate Killing horizon. The chief motivation for their
study is that it is generally expected that any stationary, rotating extreme black hole must contain
such a degenerate Killing horizon. In the analytic setting this has been established up to a set of
measure zero in the moduli space of solutions [13]. This fact is certainly true for all known examples.
Furthermore, each such ‘parent’ extreme black hole has an unique associated near-horizon geometry.
Of course, the existence of a given near-horizon geometry does not guarantee the existence of a black
hole spacetime with prescribed asymptotics. Nonetheless, knowledge of the space of near-horizon
geometry solutions gives valuable information on the set of allowed extreme black holes.
Let us briefly recall the general notion of a near-horizon geometry before specializing to the
U(1)2-invariant setting (for a detailed review, see [24]). Let N be a Killing horizon with normal
Killing vector field V . We may always introduce a Gaussian null coordinate chart (v, r, ya) in a
neighbourhood of N such that V = ∂v, the horizon is located at r = 0, and ya (a = 1, 2, 3) are
coordinates on H, a spatial (constant v) section of N . It will be assumed that H is a 3-dimensional
compact manifold. In this chart
g = r2α(r, y)dv2 + 2dvdr + 2rβa(r, y)dvdy
a + γab(r, y)dy
adyb,
F = Fvrdv ∧ dr + Fradr ∧ dya + Fvadv ∧ dya + 1
2
F˜abdy
a ∧ dyb.
(3.1)
Such coordinates are ‘ingoing’ because the radial null vector field −∂r is future directed at r = 0.
The near-horizon geometry is obtained by substituting v → v/ε, r → εr and letting ε → 0. The
resulting geometry has metric
(3.2) gNH = r
2α(y)dv2 + 2dvdr + 2rβa(y)dvdy
a + γab(y)dy
adyb,
where (α, β, γ) are defined onH. The Maxwell field does not automatically admit a well-defined limit;
rather, upon use of the Bianchi identity dF = 0, the identity Ric(V, V )|N = 0, and the field equation
(2.2) one finds Fva = 0 at r = 0. It then follows (assuming smoothness) that the near-horizon limit
of the Maxwell field exists and is given by
(3.3) FNH = −d(Fvr(y)rdv) + F˜ ,
where F˜ is a closed 2-form on H. It is convenient to define ς := −Fvr/
√
3. The full spacetime field
equations (2.2) for the spacetime fields (gNH, FNH) are equivalent to the coupled set of equations (2.6)
for the near-horizon data (γab, βa, ς, F˜ ) [24]. In particular, the near-horizon spacetime is a solution
of the same field equations as its parent extreme black hole.
Suppose now that the spacetime admits a U(1)2 action by isometries, so that (2.9) holds. These
isometries extend to the cross-section (H, γ), and the generators of the symmetry are tangent to
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H. Introduce angular coordinates φi, i = 1, 2 associated with these symmetries, having 2π periodic
orbits. Since the interior product of the symmetry generators with the volume form is closed, we
may define a function x by
(3.4) dx = CVolγ(∂φ1 , ∂φ2 , ·),
where C is a constant. As proved in [17], the function x parameterizes the orbit space H/U(1)2, and
C may be chosen so that x ∈ [−1, 1]. In the chart (x, φ1, φ2) the cohomogeneity one horizon metric
γ then takes the form
(3.5) γabdy
adyb =
dx2
C2 detλ + λijdφ
idφj ,
and the area of the horizon is
(3.6) AH = 8π
2C−1.
A detailed analysis of the geometry of the torus action can be found in [17]. For x ∈ (−1, 1) the torus
action is free (the matrix λij is rank 2), and the endpoints x = ±1 represent fixed points. As x→ ±1,
the Killing fields v± = ai±∂φi → 0 where ai± ∈ Z. The matrix λij is rank 1 at the fixed points, so
λija
i± → 0 as x → ±1. We are free to choose a+ = (1, 0) and a− = (q, p) for coprime p, q ∈ Z
without loss of generality. The topology of H is then characterized by these integers: (q, p) = (0,±1)
corresponds to S3, (q, p) = (±1, 0) to S1 × S2, and otherwise H ∼= L(p, q).
In the remainder of this work we will normalize the area of the horizon by setting C = 1, i.e. so
that AH = 8π
2. The vector fields v± degenerate smoothly at their respective fixed points provided
we impose the requirement
(3.7) lim
x→±1
(1− x2)2
detλ · λijai±aj±
= 1,
which eliminates conical singularities. The overall horizon scale can be reinstated by dimensional
analysis.
Remarkably, the combination of imposing U(1)2 symmetry along with the field equations (2.2) (or
equivalently directly from (2.6)) on a general near-horizon geometry spacetime (gNH, FNH) results in
an enhancement of symmetry R×U(1)2 → SO(2, 1)×U(1)2 [26]. This result holds rather generally
for near-horizon geometries in D-dimensions invariant under a U(1)D−3 torus action satisfying the
field equations of general relativity coupled to an arbitrary number of Abelian gauge fields and
uncharged scalar fields. The SO(2, 1) × U(1)2 symmetry constrains solutions to take the form
gNH =Ξ(x)
[−r2dv2 + 2dvdr]+ dx2
detλ(x)
+ λij(x)
(
dφi + birdv
) (
dφj + bjrdv
)
,
FNH =d
[
ardv − ψi(x) (dφi + birdv)] .(3.8)
In the above expressions, the quantities a,bi are constants and Ξ(x) > 0, ψi are smooth functions
on H. The 2-dimensional metric in the first square brackets is seen to be the 2-dimensional anti-de
Sitter spacetime (AdS2), where the radius of curvature is set to be one. The action of SO(2, 1) yields
a torus fibration over AdS2, and it leaves the AdS2 part of the metric invariant. When b
i 6= 0 this
action transforms the 1-form rdv by an exact function which can be undone by a corresponding U(1)
shift in the direction bi∂φi . Similarly, the Maxwell field FNH is invariant.
The classification problem for all regular near-horizon geometries is to obtain all solutions (gNH , FNH)
to (2.6). In the cohomogeneity one biaxisymmetric setting, using the rigidity result discussed above,
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one can substitute (3.8) into the near-horizon geometry equations and solve for all possible near-
horizon data (Ξ, λij , ψ
i,a,bi). For the class of U(1)2-invariant near-horizon solutions we can straight-
forwardly read off the data appearing in (2.3) and (2.5). Namely
α =
1
Ξ
(
−1 + λijb
ibj
Ξ
)
, β =
λijb
i
Ξ
dφj − Ξ˙
Ξ
dx,
ς =
a− ψibi√
3Ξ
, F˜ = −dψi ∧ dφi,
(3.9)
where Ξ˙ denotes differentiation with respect to x. From (2.6) it follows that
(3.10)
d
dx
(λΞ˙) = −2 + b
ibjλij
Ξ
+
λΞ
3
ψ˙iψ˙jλij +
2
3Ξ
(a− ψibi)2.
Moreover, the (xx) and (ij) components of (2.6) yield
− λ¨
2
+
λ˙2
4λ
− λ
4
λikλ˙kjλ
jlλ˙il = −λΞ˙
2
Ξ2
+
λ˙Ξ˙
2Ξ
+
λΞ¨
2Ξ
+
λ
3
ψ˙iψ˙jλij +
(a− ψibi)2
6Ξ2
,
−λλ¨ij − λλ˙ij + λλklλ˙ikλ˙jl = λikλjlbkbl + λψ˙iψ˙j + λij
[
(a− ψkbk)2
3Ξ
− λ
3
λklψ˙iψ˙l +
λΞ˙
Ξ
]
.
(3.11)
Finally the near-horizon geometry Maxwell equation reduces to
(3.12)
d
dx
[
Ξλikλψ˙i
]
= (a− ψibi)
[
bk
Ξ
− 2√
3
ψ˙iǫik
]
,
where ǫik is a totally antisymmetric tensor with ǫ12 = 1.
Solving the coupled ODEs (3.10)-(3.12) in full generality by direct means appears to be very
difficult. In the vacuum case with vanishing Maxwell fields (ψi,a ≡ 0), the direct approach is
tractable and led to a full classification [21]. However, when F 6= 0 the situation becomes clearly
more difficult and even in the static case (when ∂v is hypersurface orthogonal) a full classification by
direct integrations remains open [22]. Following [23] we will exploit the fact that the supergravity
field equations (2.2) with U(1)2 symmetry admit a harmonic map formulation from [−1, 1] to a non-
positively curved symmetric space target. This fact will be our main tool to establish existence and
uniqueness of biaxisymmetric solutions of (2.6). In the following subsection we will recall the salient
features of this formulation before applying it to spacetimes satisfying (3.8).
3.1. Harmonic map formulation of supergravity. Five-dimensional minimal supergravity may
be regarded as the natural extension of standard Einstein-Maxwell theory in that it has a number
of important mathematical properties. In particular, the field equations (2.2) are equivalent to a
harmonic map when enough toroidal isometries are present, in this case U(1)2. To see this we
summarize the relevant parts of the construction [23]. First decompose the spacetime metric as
(3.13) gab =
1
detλ
hab + λ
ijη(i)aη(j)b,
where h is to be regarded as a smooth Lorentzian metric on the 3-dimensional orbit space M/U(1)2.
There are globally defined scalar potentials ψi defined by
(3.14) dψi = ιη(i)F,
after utilizing dF = 0 and topological censorship. It is straightforward to show that
(3.15) Lη(i)ψ
j = ιη(i)ιη(j)F = 0,
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so that the ψi are functions defined on the orbit space. We may also define a 1-form
(3.16) Υ = −ιη(1)ιη(2) ⋆ F
that as a consequence of the Maxwell equation, satisfies
(3.17) dΥ =
1√
3
d
(
ψ1dψ2 − ψ2dψ1) .
It follows that a globally defined electric potential χ exists and satisfies
(3.18) dχ = Υ− 1√
3
(
ψ1dψ2 − ψ2dψ1) .
Next, recall that in pure vacuum the twist potentials Θi are closed 1-forms. In the supergravity
case they are no longer closed, since the Ricci tensor is nonvanishing. Using the field equations, a
computation [23] shows
(3.19) dΘi = −Υ ∧ ιη(i)F = d
[
ψi
(
dχ+
1
3
√
3
(ψ1dψ2 − ψ2dψ1)
)]
.
It follows that there exist globally defined charged twist potentials ζ i which obey
(3.20) dζ i = Θi − ψi
[
dχ+
1
3
√
3
(ψ1dψ2 − ψ2dψ1)
]
.
These reduce to the vacuum twist potentials when F ≡ 0. Finally, note that the Maxwell field can
be reconstructed from the fields (λij , χ, ψ
i, ζ i) with the identity
(3.21) F =
1
detλ
[
⋆(η(2) ∧ η(1) ∧Υ) + (detλ)λijη(i) ∧ dψj
]
.
A long calculation [5] now gives the following reformulation of minimal supergravity. Namely, the
supergravity field equations (2.2) for U(1)2-invariant solutions (g, F ) are equivalent to the following
system
Ric(h)ac =
1
4
Tr
(
λ−1∇aλλ−1∇cλ
)
+
∇a detλ∇c detλ
4(det λ)2
+
ΥaΥc
2 detλ
+
λij
2
dψiadψ
j
c +
1
2detλ
λijΘiaΘ
j
c,
(3.22)
(3.23) divh
(
Υ
detλ
)
= −(dψ
i, λijΘj)h
detλ
,
(3.24) divh(λ
ijdψj) =
(Υ, λijΘj)h
detλ
− 2√
3 detλ
(
δi2(Υ, dψ1)h − δi1(Υ, dψ2)h
)
,
and
(3.25) divh
(
λijΘj
detλ
)
= 0,
where
∆hλij =λ
kl(dλik, dλlj)h − (Θ
i,Θj)h
detλ
− (dψi, dψj)h + 1
3
λij
(
λmn(dψm, dψn)h − (Υ,Υ)h
detλ
)
(3.26)
and (·, ·)h denotes the inner product on forms with respect to the metric h. Note that the final three
equations above are second order elliptic equations for the electromagnetic potentials (ζ i, χ, ψi).
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Solutions of this system of equations arise as critical points of a 3-dimensional theory of grav-
ity on (M/U(1)2, h) coupled to a wave map having nonpositively curved symmetric space target
G2,2/SO(4), governed by the functional [5, 31]
(3.27) S[h,X] =
∫
M/U(1)2
(
Rh − 2habGmn∂aXm∂bXn
)
Volh.
Here Rh is the scalar curvature of h, and X = (λij , ζ
i, χ, ψi) are coordinates on the target manifold
with metric
GmndX
mdXn =
(ddet λ)2
8(detλ)2
+
Tr(λ−1dλ)2
8
+
λijΘiΘj
4 detλ
+
Υ2
4 detλ
+
λijdψidψj
4
.(3.28)
The Euler-Lagrange equations of (3.27) are given by
Ric(h)ab =
1
8
Tr(M−1∂aMM−1∂bM) = 2Gmn∂aXm∂bXn,
∇a(M−1∂aM) =0.
(3.29)
An explicit expression [23] for the 7× 7 positive definite unimodular coset representative is
(3.30) M =

 A B
√
2R
Bt C
√
2T√
2Rt
√
2T t S

 ,
where A, C are symmetric 3 × 3 matrices, B is a 3 × 3 matrix, R, T are 3 × 1 matrices and S is a
scalar. By setting χ =
√
3µ, ψi = −√3νi, and λ = detλij these submatrices may be expressed as
S =1 + 2(νkν
k + λ−1µ2),
R =
(
(1 + νkν
k)νi − µ√λǫ
k
i νk +
µ
λ ζ˜i
−µλ
)
,
T =
(
(λij − µ√
λ
ǫij)νj
λklνkζ˜l − µ[1 + νkνk + µ
2
λ − ǫ
kl√
λ
νkζ˜l]
)
,
A =
(
(1 + λ−1µ2)λij + λ−1ζ˜iζ˜j + (2 + νkνk)νiνj + µ√λ(νiν
kǫkj − ǫikνkνj) −λ−1ζ˜i
−λ−1ζ˜j λ−1
)
,
B =
(
νiν
j − µ√
λ
ǫ ji +
1√
λ
ζ˜iνkǫ
kj υi
−νkǫkj√
λ
µ2
λ − ǫ
lmνlζ˜m√
λ
)
,
C =
(
(1 + νkν
k)λij − νiνj ζ˜ i + ( µ2√
λ
− νlζ˜mǫlm)ǫikνk − µνi
ζ˜j + ( µ
2√
λ
− νlζ˜mǫlm)ǫjkνk − µνj c
)
,
(3.31)
where indices have been raised and lowered with λij and
ζ˜i =ζi − µνi,
υi =−
(
1− µ
2
λ
)√
λǫ ki νk − (2 + νkνk)µνi + λklνk ζ˜lνi +
(
−µ
2
λ
+
ǫklνk ζ˜l√
λ
)
ζ˜i − µ√
λ
ǫik ζ˜
k,
c =ζ˜kζ˜k − 2µνk ζ˜k + λ[1 + νkνk + (2 + νkνk)λ−1µ2 + λ−2(µ2 − νlζ˜m
√
λǫlm)2].
(3.32)
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The above formulation applies generally to any U(1)2-invariant solution of (2.2). In the next sub-
section we will restrict attention to near-horizon geometry members of this class.
3.2. Near-horizon geometry data as a harmonic map. The near-horizon geometry (g, F ) given
by (3.8) admits a U(1)2 action as isometries by construction. Therefore the entire class of solutions
must arise as critical points of the functional (3.27). The advantage of this latter formulation, as
opposed to the equivalent formulation (3.10)-(3.12) is that it allows for abstract theory to be applied.
To begin, we merely have to relate the near-horizon data to the harmonic map data X and orbit
space metric h. Observe that the dual 1-forms to the rotational Killing fields η(i) are given by (with
abuse of notation)
(3.33) η(i) = λij(dφ
j +Aj),
where Aj are 1-forms on the orbit space. The matrix λij appearing in (3.8) may then be identified
with that defined in (3.13). In addition, the functions ψi appearing in (3.8) may be identified with
those defined in (3.14). The 3-dimensional orbit space (M/U(1)2, h) corresponding to (3.8) is a
warped product of [−1, 1] and AdS2 with
(3.34) habdx
adxb = dx2 + Ξ(x) detλ(x)
[−r2dv2 + 2dvdr] .
The remaining scalar potentials are
∂xχ =
a− ψibi
Ξ
− 1√
3
(
ψ1∂xψ
2 − ψ2∂xψ1
)
,
∂xζ
i =
λijb
j − ψi(a− ψjbj)
Ξ
+
2
3
√
3
ψi
(
ψ1∂xψ
2 − ψ2∂xψ1
)
,
(3.35)
and it is clear that Aj = bjrdv.
Conversely, these can be inverted to reconstruct a near-horizon geometry from a given set of
harmonic map scalars and three-dimensional orbit space metric h of the near-horizon form above.
Using
(3.36) bi = Ξλij
(
∂xζ
j + ψj
[
∂xχ+
1
3
√
3
(
ψ1∂xψ
2 − ψ2∂xψ1
)])
,
the constant a can be determined from the relations (3.35), namely
(3.37) a = Ξ
(
∂xχ(1 + ψ
iψjλij) + ψiλij∂xζ
j +
1√
3
(ψ1∂xψ
2 − ψ2∂xψ1)
(
1 +
ψiψjλij
3
))
.
The biaxisymmetric near-horizon geometry equations (3.10)-(3.12) are equivalent to (3.29). In
fact, for near-horizon geometries the reduced Einstein equation can be immediately integrated to
give an explicit expression for Ξ(x). To see this note that the nonvanishing components of the Ricci
tensor of the base space metric h of (3.34) are
Ric(h)vv =
Q′′(x)r2
2
+ r2,
Ric(h)vr =− Q
′′(x)
2
− 1,
Ric(h)xx =− 2Q
′′(x)
Q(x)
+
(
Q′(x)
2Q(x)
)2
,
(3.38)
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where Q ≡ Ξdetλ. Since the coset representative matrix M is independent of the coordinates v
and r, the right-hand side of the reduced Einstein equation (3.29) only has a nonvanishing (x, x)
component. It then follows from Ric(h)vv = 0 that
(3.39) Q(x) = 1− x2,
as Q(±1) = detλ(±1) = 0 and Ξ > 0. The requirement Ric(h)rr = 0 is automatically satisfied. The
harmonic map equation (3.29) for M may now be expressed as
(3.40) ∂x
[
(1− x2)M−1∂xM
]
= 0,
which can be immediately be integrated to yield (1− x2)M−1∂xM =M0 for some constant matrix
M0. Furthermore, using (3.39) produces
(3.41) Ric(h)xx =
2
(1− x2)2
which in turn yields, upon applying (3.29) the requirement that Tr(M20) = 16. We emphasize that
the difference between our approach and that developed in [23] is that in the latter, the harmonic
map equations (3.40) are solved for the matrixM(x) explicitly, in terms of a large set of integration
constants. The downside of this approach, however, is that given the complicated form of M (3.30)
it is not possible in practice to extract the harmonic map potentials, and hence the near-horizon
geometry, from knowledge of M(x). Thus it is not clear how to obtain a classification following this
method. In contrast, we will follow a more abstract approach focussing on properties of functional
(3.27).
In summary we have shown that for a U(1)2-invariant near-horizon geometry of the form (3.8),
the field equations (2.2) reduce to solving the harmonic map equation (the second line of (3.29)) for
the 8 harmonic map scalars (λij , ζ
i, χ, ψi), and then reconstructing the remaining near-horizon data
(a,bi).
Before concluding this subsection we note that the electric charge (2.7), angular momenta (2.10),
and dipole charge (2.8) (if H ∼= S1 × S2) can be expressed in terms of the boundary values of the
harmonic map scalars. We refer to [4] for the details of the computation and simply give the results
here, namely
(3.42) Q = π
4
∫ 1
−1
dχ =
π
4
(χ(1)− χ(−1)),
(3.43) Ji = π
4
∫ 1
−1
dζ i =
π
4
(ζ i(1)− ζ i(−1)),
and in the case of a ring horizon the dipole charge is
(3.44) D = 1
2π
∫
S2
F = ai(ψi(−1)− ψi(1)),
where v = aiη(i) is the Killing field that vanishes at the poles of the S
2.
3.3. Relation to harmonic map energy. In order to perform the existence and uniqueness ar-
gument in the next section, it is advantageous to replace the matrix of scalars λij with a more
convenient set of variables. This may be seen as a reparameterization of the target space. Firstly,
note that for the near-horizon geometries discussed above the metric h is completely determined by
(3.39), and hence decouples from the harmonic map in the the functional (3.27). We may therefore
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view it as a functional of the variables X alone defined on the closed interval [−1, 1] parameterized
by the coordinate x. Explicitly, one finds that S[h,X] = −2I where
(3.45) I =
∫ 1
−1
[
(1− x2)Gmn dX
m
dx
dXn
dx
− 1
1− x2
]
dx.
Note that I = 0 on critical points as a consequence of the 3-dimensional Einstein equation (3.29)
upon using (3.41).
As explained in detail in [4], we now introduce a convenient reparamterization of the target space.
Firstly note that any U(1)2-invariant horizon geometry must be diffeomorphic to S1×S2 or the lens
L(p, q) [17] (see the discussion following (3.5)); here p and q are coprime integers. In the case of the
lens topology, introduce new variables (U, V,W ) as follows
U =
1
4
log
(
detλ
p2(1− x2)
)
,
V =
1
2
(
p2(1 + x)λ11
(1− x) [q2λ11 − 2qλ12 + λ22]
)
,
W =sinh−1
(
λ12 − qλ11
pe2U
√
1− x2
)
,
(3.46)
with inverse transformations
λ11 = e
2U+V (1− x) coshW, λ12 = e
2U
p
(√
1− x2 sinhW − qeV (1− x) coshW
)
,
λ22 =
e2U
p2
(
q2eV (1 − x) coshW − 2q
√
1− x2 sinhW + e−V (1 + x) coshW
)
.
(3.47)
Note that the regularity condition (3.7) becomes
(3.48) lim
x→±1
(1− x2)2
detλ · ai±aj±λij
= 2p2 lim
x→±1
e−6xU−V = 1.
For the ring S1 × S2 a different parameterization is needed, namely
(3.49) λ11 = e
2U+V¯ coshW, λ22 = e
2U−V¯ (1− x2) coshW, λ12 = e2U
√
1− x2 sinhW,
where
(3.50) V¯ = V + 2h1 + h2,
with
(3.51) h1 =
1
4
log(1− x2), h2 = 1
2
log
(
1− x
1 + x
)
.
The conical singularity regularity condition (3.7) is now expressed as
(3.52) lim
x→±1
e−6U+V¯ =
1
2
.
We may now rewrite the functional I in a unified way for all admissible topologies by associating
each with integers (p, q, s), where s = 0, 1, according to the rule
(3.53)


H ∼= S3, s = 0, p = 1, q = 0,
H ∼= L(p, q), s = 0, 1 ≤ q ≤ p− 1,
H ∼= S1 × S2, s = 1, p = 1, q = 0.
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By setting
(3.54) Vs = V + 2sh1 + sh2,
an involved computation [4] reveals that
(3.55) J =
I
4
− log 2p2 − 3 + s
2
where, upon setting x = cos θ for later convenience
I(Ψ)
=
∫ π
0
{
12 (∂θU)
2 + (∂θVs)
2 + (∂θW )
2 + sinh2W (∂θV + ∂θh2)
2
+ p2
e−6h1−h2−6U−V
coshW
(Θ¯1θ)
2 + p2e−6h1+h2−6U+V coshW
(
e−h2−V tanhW Θ¯1θ − Θ¯2θ
)2
+ p2
e−2h1−h2−2U−V
coshW
(∂θψ¯
1)2 + p2e−2h1+h2−2U+V coshW (e−h2−V tanhW∂θψ¯1 − ∂θψ¯2)2
+ p2e−4h1−4UΥ2θ − [2sVs sin θ − 12U sin θ] ∂θh2
}
sin θdθ.
(3.56)
Here Ψ = (U, V,W, ζ1, ζ2, χ, ψ1, ψ2) and
(3.57) Θ¯ = ZtΘ, ψ¯ = Ztψ, Z =
(
1 p
0 q
)
.
It is clear that I is finite, and we will now demonstrate that it may be interpreted as a reduced
energy, that is a renormalization of a singular Dirichlet energy for maps from S3 → G2,2/SO(4).
Consider the round metric on S3 given in Hopf coordinates (θ, φ1, φ2), where θ ∈ (0, π), by
(3.58) gS3 =
dθ2
4
+ sin2(θ/2)(dφ1)2 + cos2(θ/2)(dφ2)2.
We are interested in harmonic maps from (S3, gS3) to the symmetric space G2(2)/SO(4) ∼= R8
equipped with the following complete Riemanninan metric of non-positive curvature
G =12du2 + cosh2 wdv2 + dw2 + p2
e−6u−v
coshw
(Θ¯1)2 + p2e−6u+v coshw(e−v tanhwΘ¯1 − Θ¯2)2
+ p2
e−2u−v
coshw
(dψ¯1)2 + p2e−2u+v coshw(e−v tanhwdψ¯1 − dψ¯2)2 + p2e−4uΥ2.
(3.59)
Let Ω ⊂ S3 be a domain that avoids Γ, the union of the two circles at θ = 0, π, and let Ψ˜ =
(u, v, w, ζ1, ζ2, χ, ψ1, ψ2) : S3 \ Γ → G2(2)/SO(4) be a singular bi-axisymmetric map. Then the
Dirichlet energy on this domain is given by
EΩ(Ψ˜) =
4
π2
∫
Ω
{
12(∂θu)
2 + cosh2 w(∂θv)
2 + (∂θw)
2 + p2
e−6u−v
coshw
(Θ¯1θ)
2
+ p2e−6u+v coshw
(
e−v tanhwΘ¯1θ − Θ¯2θ
)2
+ p2
e−2u−v
coshw
(∂θψ¯
1)2
+ p2e−2u+v coshw
(
e−v tanhw∂θψ¯1 − ∂θψ¯2
)2
+ p2e−4uΥ2θ
}
dV,
(3.60)
where dV is the volume element on S3.
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The difference between the renormalized map Ψ and the unrenormalized map Ψ˜ only appears in
the first two variables
(3.61) u = h1 + U, v = h2 + V, w =W,
where in the new coordinate h1 =
1
2 log sin θ and h2 = log tan
θ
2 . Through integration by parts and
with the help of ∂θ (sin θ∂θh2) = 0, the functional I is shown to be related to the harmonic energy
via the formula
IΩ(Ψ) =EΩ(Ψ˜)−
∫
Ω
((
2s cos2
θ
2
− 1
)2
+ 3cos2 θ
)
(∂θh2)
2dV
+
∫
∂Ω
(
2
(
2s cos2
θ
2
− 1
)
Vs − 12 cos θU
)
∂νh2dA,
(3.62)
where ν is the unit outer normal. From this it follows that the two functionals share the same critical
points.
4. Existence and Uniqueness of Singular Harmonic Maps
In this section we prove existence and uniqueness of the relevant harmonic maps with prescribed
singularities at the north and south pole circles of S3. Our approach is based on that of Weinstein
[34], who treated a similar problem for maps from a compact manifold with nonempty boundary into
rank one symmetric space targets. Here, however, the setting is more difficult since the domain has
no boundary and the target space G2(2)/SO(4) is of rank two. On the other hand our domain has a
cohomogeneity one metric, where as in [34] it is cohomogeneity two.
4.1. The model map. Asymptotics for the singular harmonic map, as well as prescribed angu-
lar momentum and charges, are encoded in the model map which may be thought of as an ap-
proximate solution. The renormalized version of this bi-axisymmetric map will be denoted by
Ψ0 = (U0, V0,W0, ζ
i
0, χ0, ψ
i
0). Let ε > 0 and set Ωε = {θ | | sin θ| > ε} × T 2. On S3 \ Ωε we
may define Ψ0 to be any smooth map, which interpolates between its prescription near the poles.
Near each pole the model map will be set to an exact solution. At the north pole with rod structure
(1, 0), we may use the extreme charged Myers-Perry near-horizon geometry with potentials arbitrar-
ily prescribed at the pole. At the south pole the rod structure is (q, p), and we may apply an isometry
in the target to transform the extreme charged Myers-Perry solution with potentials vanishing at the
pole to a solution having this rod structure and again vanishing potentials at the pole. In this way
the model map is smooth, satisfies the near-horizon geometry equations near each pole, and yields
arbitrarily prescribed angular momentum and charges from the formulae (3.42), (3.43), and (3.44).
Moreover the following properties are immediately implied by the construction.
Lemma 4.1. The reduced energy of the model map Ψ˜0 is finite and the tension τ(Ψ˜0) is pointwise
bounded.
Asymptotics for the model map may be derived from explicitly known near-horizon geometries
arising from extreme black holes such as the dipole charged black ring [26], and black lenses [25, 33],
namely
(4.1) U0, ζ
1
0 , ζ
2
0 , χ0 = O(1), W0 = O(sin θ), ∂θU0, ∂θχ0, ∂θψ
i
0 = O(sin θ), ∂θW0 = O(1),
(4.2) V0 =
{
O(1) s = 0
−2 log (sin θ2)+O(1) s = 1 , ∂θV0 =
{
O(sin θ) s = 0
− cot θ2 +O(sin θ) s = 1
,
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(4.3) ψ10 =
{
O(sin2 θ2 ) s = 0
O(1) s = 1
, ψ20 =
{
O(cos2 θ2) s = 0
O(1) s = 1
, Θ20 = O(sin
2 θ), s = 1,
(4.4) ∂θζ
1
0 =
{
sin2 θ2O(sin θ) s = 0
O(sin θ) s = 1
, ∂θζ
2
0 =
{
cos2 θ2O(sin θ) s = 0
O(sin θ) s = 1
.
4.2. A priori estimates. Let {Ωi} ⊂ S3 \Γ be an exhaustion sequence of bi-axisymmetric domains
so that Ωi ⊂ Ωi+1 and limi→∞Ωi = S3. Since the target space is nonpositively curved, standard
harmonic map theory [8] states that there exists a unique solution of the following Dirchlet problem
in which the model map is used to prescribe the boundary values{
τ(Ψ˜i) = 0 in Ωi,
Ψ˜i = Ψ˜0 on ∂Ωi.
(4.5)
We now seek to establish appropriate estimates in order to ensure that the sequence Ψ˜i converges on
compact subsets of S3 \ Γ. The first step is to achieve an almost uniform distance bound depending
only on the distance at a fixed angle θ0 ∈ (0, π).
Lemma 4.2. There exists a constant C depending only on θ0 such that
(4.6) sup
Ωi
distN (Ψ˜i, Ψ˜0) ≤ C
[
1 + distN (Ψ˜i, Ψ˜0)|θ=θ0
]
.
Proof. Let di = distN (Ψ˜i, Ψ˜0). The nonpositive curvature of the target manifold ensures ([34, Lemma
2]) that on Ωi
(4.7) ∆
√
1 + d2i ≥ −
(
||τ(Ψ˜i)||+ ||τ(Ψ˜0)||
)
= −||τ(Ψ˜0)||.
Solve the boundary value problem
(4.8) ∆z = ||τ(Ψ˜0)|| on S3[0,θ0], z = 0 on ∂S3[0,θ0],
where S3[0,θ0] is the region of S
3 corresponding to the interval [0, θ0] in the orbit space S
3/U(1)2.
Note that this unique solution is smooth since τ(Ψ˜0) is identically zero in a neighborhood of the
poles (and is hence smooth there). It follows that z +
√
1 + d2i is subharmonic on S
3
[θ−i ,θ0]
where
Ωi/U(1)
2 = (θ−i , θ
+
i ) ⊂ [0, π], and so its maximum is achieved on the boundary. Therefore
(4.9) sup
S3
[θ−
i
,θ0]
(
z +
√
1 + d2i
)
≤ C(1 + di(θ0)),
and this leads to the desired bound on S3
[θ−i ,θ0]
. Analogous arguments yield the bound on S3
[θ0,θ
+
i ]
. 
The next goal is to achieve uniform energy and distance bounds, which are based on convexity of
the energy resulting from the nonpositive curvature of the target space. Let Fi : Ωi × [0, 1] → N :=
G2(2)/SO(4) be a family of geodesic deformations connecting Ψ˜i to Ψ˜0 so that Fi(θ, 0) = Ψ˜i(θ) and
Fi(θ, 1) = Ψ˜0(θ), see Figure 1. The components of Fi will be denoted by
(4.10) Fi(θ, t) = (ui(θ, t), vi(θ, t), wi(θ, t), ζ
1
i (θ, t), ζ
2
i (θ, t), χi(θ, t), ψ
1
i (θ, t), ψ
2
i (θ, t)).
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Since t→ Fi(θ, t) is a geodesic we have ||∂tFi|| = distN (Ψ˜i, Ψ˜0) = di. The second variation of energy
yields
d2
dt2
EΩi(Fi) =
8
π2
∫
Ωi
[||∇N∂θFi∂tFi||2 − NRm(∂θFi, ∂tFi, ∂tFi, ∂θFi)] dV
≥ 8
π2
∫
Ωi
[
|∇distN (Ψ˜i, Ψ˜0)|2 − NRm(∂θFi, ∂tFi, ∂tFi, ∂θFi)
]
dV,
(4.11)
where in the second line the Kato inequality
(4.12) ||∇N∂θFi∂tFi|| ≥ |∇||∂tFi|| | = |∇distN (Ψ˜i, Ψ˜0)|
has been employed. Since Ψ˜i is harmonic the first variation vanishes at t = 0, and thus integrating
twice produces
EΩi(Ψ˜0)
≥EΩi(Ψ˜i) + 2
∫ θ+i
θ−i
∫ 1
0
∫ t
0
[
|∇distN (Ψ˜i, Ψ˜0)|2 − NRm(∂θFi, ∂tFi, ∂tFi, ∂θFi)
]
dt¯dt sin θdθ
=EΩi(Ψ˜i) +
∫ θ+i
θ−i
(|∇di|2 + fid2i ) sin θdθ,
(4.13)
where fi ≥ 0 is given by
(4.14) fi = −2
∫ 1
0
∫ t
0
NRm
(
∂θFi,
∂tFi
||∂tFi|| ,
∂tFi
||∂tFi|| , ∂θFi
)
.
Fi(θ, 1) = Ψ˜0(θ)
Fi(θ, 0) = Ψ˜i(θ)
Fi(θ0, t)
Fi(θ
−
i , t) Fi(θ
+
i , t)
x1 := Fi(θ0, 1)
Figure 1. Geodesic deformation in the target space N .
Lemma 4.3. There exists a small interval (θ1, θ2) ∋ θ0 and a uniform constant δ > 0 such that
(4.15)
∫ θ+i
θ−i
(|∇di|2 + fid2i ) sin θdθ ≥ δ
∫ θ2
θ1
(|∇di|2 + d2i )dθ.
Proof. Let γi denote the unit speed geodesic connecting x1 = Fi(θ0, 1) to Fi(θ0, 0), and let J denote
the Jacobi field ∂θFi along this geodesic. In what follows we will suppress the index i. According
to the symmetries of the Riemann tensor, the matrix 〈R(·, γ˙)γ˙, ·〉 is symmetric and hence admits
an orthonormal set of eigenvectors {ej} with eigenvalues λj ≤ 0. Since the target manifold is a
symmetric space, the Riemann tensor is covariantly constant and therefore ej are parallel and λj are
constant along the geodesic. We then have
(4.16) f(θ0) = −2
∫ 1
0
∫ t
0
〈R(J, γ˙)γ˙, J〉 = −2
∑
λj
∫ 1
0
∫ t
0
〈J, ej〉2.
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The Jacobi equation implies that
(4.17) ∂2t 〈J, ej〉 = 〈J¨ , ej〉 = −〈R(J, γ˙)γ˙, ej〉 = −λj〈J, ej〉,
and therefore
(4.18) 〈J, ej〉(t) = cj1e
√
|λj |t + cj2e−
√
|λj |t.
Integrating and completing the square produces
f(θ0) =− 2
∑
λj
[
1
4|λj | (e
2
√
|λj | − 1− 2
√
|λj |)c2j1 + cj1cj2 +
1
4|λj |(e
−2
√
|λj | − 1 + 2
√
|λj|)c2j2
]
=
∑ 1
2
(e2
√
|λj | − 1− 2
√
|λj |)
[
cj1 +
2|λj |
(e2
√
|λj | − 1− 2√|λj|)cj2
]2
+
∑ (e−2√|λj | − 1 + 2√|λj |)(e2√|λj | − 1− 2√|λj|)− 4λ2j
2(e2
√
|λj | − 1− 2√|λj |) c
2
j2.
(4.19)
Note that the coefficient of c2j2 in the last line is positive unless λj = 0.
A subsequence of the unit vectors γ˙(1) converges, and it may be assumed without loss of generality
that this limit is a regular direction by perturbing the point x1 if necessary. Recall that a regular
vector is one which lies in a single maximal flat, and that the set of such vectors is dense in the
unit sphere. Thus, since the target space N is rank 2 there exists a vector perpendicular to γ˙(1),
say e1, for which the curvature of the resulting 2-plane is bounded away from zero independent of
i, that is λ1 ≤ −c < 0. Furthermore, since the constants cj1 and cj2 are determined by 〈J, ej〉(1)
and 〈J˙ , ej〉(1), and we may choose the model map at x1 to guarantee that |〈J, ej〉(1)| stays bounded
away from zero independent of i, it follows that f(θ0) ≥ 2δ > 0 independent of i. This lower bound
persists for a small interval around θ0, and thus yields the desired inequality (4.15). 
Proposition 4.4. The harmonic energy of the map Ψ˜i is uniformly bounded on fixed domains Ω ⊂
S3 \ Γ, that is, there exists a constant C independent of i such that
(4.20) EΩ(Ψ˜i) ≤ C.
Moreover the distance function is uniformly bounded
(4.21) distN (Ψ˜i, Ψ˜0) ≤ C.
Proof. By equations (3.62), (4.13), and Ψ˜i|∂Ωi = Ψ˜0|∂Ωi we have
IΩi(Ψ0) ≥ IΩi(Ψi) +
∫ θ+i
θ−i
(|∇di|2 + fid2i ) sin θdθ.(4.22)
Observe that
(4.23) IΩi(Ψ0)− IΩi(Ψi) = I˜Ωi(Ψ0)− I˜Ωi(Ψi) +
∫ θ+i
θ−
i
[12(U0 − Ui)− 2s(V0 − Vi)] sin θdθ,
where I˜Ωi(Ψ0), I˜Ωi(Ψi) are sums of squares and we have used sin θ∂θh2 = 1. By construction of
the model map IΩi(Ψ0) is uniformly bounded, and the integral on the right-hand side of (4.23) is
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controlled by the distance between the model and harmonic maps. It follows that
(4.24) C
(
1 + sup
Ωi
di
)
≥ I˜Ωi(Ψi) +
∫ θ+i
θ−i
(|∇di|2 + fid2i ) sin θdθ.
By Lemma 4.3
(4.25)
∫ θ+i
θ−
i
(|∇di|2 + fid2i ) sin θdθ ≥ δ
∫ θ2
θ1
(|∇di|2 + d2i )dθ.
Moreover according to the Sobolev embedding W 1,2 →֒ C0 in dimension one, combined with Lemma
4.2, we have
(4.26)
∫ θ2
θ1
(|∇di|2 + d2i )dθ ≥ C−1 sup
S3
[θ1,θ2]
d2i ≥ C−1 sup
θ=θ0
d2i ≥ C−11 sup
Ωi
d2i − C2.
It follows that
(4.27) C ≥ I˜Ωi(Ψi) + C−1 sup
Ωi
d2i .
This immediately gives (4.21).
In order to obtain (4.20), use
(4.28) C ≥ I˜Ω(Ψi)
from (4.27). The pure harmonic energy may take the place of the renormalized energy on the right-
hand side. To see this make the replacements ui = Ui + h1, vi = Vi + h2, and wi =Wi and compute
I˜Ω(Ψi) =EΩ(Ψ˜i) +
∫ θ+
θ−
[
12(∂θh1)
2 − 24∂θh1∂θui
]
sin θdθ
+
∫ θ+
θ−
[
2∂θhs∂θVis − (∂θhs)2
]
sin θdθ,
(4.29)
where Ω/U(1)2 = (θ−, θ+) and hs = 2sh1 + (s − 1)h2. Observe that
(4.30)
∣∣∣∣∣
∫ θ+
θ−
24∂θh1∂θui sin θdθ
∣∣∣∣∣ ≤ 3
∫ θ+
θ−
(∂θui)
2 sin θdθ + 48
∫ θ+
θ−
(∂θh1)
2 sin θdθ ≤ 1
4
EΩ(Ψ˜i) + C,
and in a similar way
(4.31)
∣∣∣∣∣
∫ θ+
θ−
2∂θhs∂θVis sin θdθ
∣∣∣∣∣ ≤ 14EΩ(Ψ˜i) + C.
Hence
(4.32) I˜Ω(Ψi) ≥ 1
2
EΩ(Ψ˜i)− C,
and the desired result now follows. 
Energy bounds lead to pointwise density bounds with the help of Bochner’s formula and the
nonpositive curvature of the target manifold.
Lemma 4.5. The energy density of the harmonic map Ψ˜i is uniformly bounded on compact subsets
Ω ⊂ S3 \ Γ, that is
(4.33) sup
Ω
|dΨ˜i| ≤ C.
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Proof. This is a standard argument [34]. We include the outline for convenience of the reader.
Bochner’s formula yields
(4.34) ∆
(
|dΨ˜i|2
)
= |∇dΨ˜i|2 + S3Ric(dΨ˜i, dΨ˜i)− NRm(dΨ˜i, dΨ˜i, dΨ˜i, dΨ˜i) ≥ 0.
The squared density is then subharmonic, and the De Giorgi-Nash-Moser inequality combined with
Proposition 4.4 produces
(4.35) sup
Ω
|dΨ˜i|2 ≤ C ′EΩ′(Ψ˜i) ≤ C,
where C is independent of i and Ω ⊂ Ω′. 
4.3. Existence and uniqueness. We say that a map Ψ˜ : S3 \ Γ → N is asymptotic to the model
map Ψ˜0 if they remain within a bounded distance from one another even on approach to the poles,
that is distN (Ψ˜, Ψ˜0) ≤ C. A map which is asymptotic to the model map possesses the same singular
behavior as the model map near the poles.
Theorem 4.6. There exists a harmonic map Ψ˜ : S3 \ Γ→ G2(2)/SO(4) which is asymptotic to the
model map Ψ˜0.
Proof. The harmonic map equations satisfied by the sequence Ψ˜i, combined with the pointwise
gradient bound (Lemma 4.5) and L∞ bound (4.21), imply uniform a priori estimates for all derivatives
on fixed domains Ω ⊂ S3 \ Γ. In the usual way, by choosing a sequence of exhausting domains and
taking a diagonal subsequence, we find a sequence of maps Ψ˜il which converges on compact subsets
to a smooth harmonic map Ψ˜. The limit also satisfies the L∞ bound and is thus asymptotic to the
model map. 
In order to establish uniqueness for harmonic maps asymptotic to the same model map, we will
need the following preliminary result.
Lemma 4.7. Suppose that Ψ˜1 and Ψ˜2 are two harmonic maps from S
3\Γ→ N such that distN (Ψ˜1, Ψ˜2)
is a nonzero constant. Let S ⊂ N be the 2-dimensional submanifold generated by the geodesic defor-
mation F (θ, t) connecting Ψ˜1 to Ψ˜2. If the sectional curvature of the coordinate 2-planes K(∂tF, ∂θF )
vanishes, then S is totally geodesic and flat.
Proof. We first show that S is flat. Consider the Gauss equations
NRm(∂θF, ∂tF, ∂tF, ∂θF ) =
SRm(∂θF, ∂tF, ∂tF, ∂θF )
− 〈A(∂tF, ∂tF ), A(∂θF, ∂θF )〉+ ||A(∂tF, ∂θF )||2,
(4.36)
where NRm and SRm are the Riemann curvature tensors of N and S, respectively, and A is the
second fundamental form. According to the assumption on the sectional curvature of the coordinate
2-planes, it suffices to show that the terms involving A vanish. Let n be a unit normal vector on
S, then the definition of the second fundamental form together with the fact that t → F (θ, t) is a
geodesic produces
(4.37) An(∂tF, ∂tF ) = 〈∇tn, ∂tF 〉 = −〈n,∇t∂tF 〉 = 0.
Moreover by assumption ||∂tF || = distN (Ψ˜1, Ψ˜2) = const, and thus
(4.38) 0 =
1
2
∂θ||∂tF ||2 = 〈∇θ∂tF, ∂tF 〉 = ∂t〈∂θF, ∂tF 〉 − 〈∂θF,∇t∂tF 〉 = ∂t〈∂θF, ∂tF 〉.
20 AGHIL ALAEE, MARCUS KHURI, AND HARI KUNDURI
It follows that
(4.39) 〈∂θF, ∂tF 〉(θ, 1) = 〈∂θF, ∂tF 〉(θ, 0).
Next, since K(∂tF, ∂θF ) = 0 we have
(4.40) 0 = NRm(∂tF, ∂θF, ∂tF, ∂θF ) = 〈∇t∇θ∂tF −∇θ∇t∂tF, ∂θF 〉 = ∂t〈∇θ∂tF, ∂θF 〉 − ||∇θ∂tF ||2.
Integrating over t and using (4.39) yields∫ 1
0
||∇θ∂tF ||2dt =〈∇θ∂tF, ∂θF 〉(θ, 1) − 〈∇θ∂tF, ∂θF 〉(θ, 0)
=∂θ (〈∂tF, ∂θF 〉(θ, 1) − 〈∂tF, ∂θF 〉(θ, 0))
− 〈∂tF,∇θ∂θF 〉(θ, 1) + 〈∂tF,∇θ∂θF 〉(θ, 1)
= cot θ (〈∂tF, ∂θF 〉(θ, 1)− 〈∂tF, ∂θF 〉(θ, 0))
=0.
(4.41)
In the above computation we have employed the fact that as a result of the harmonic map equations
θ → F (θ, 1) and θ → F (θ, 0) are pre-geodesics, that is they fail to be geodesics only due to their
parameterization and satisfy ∇θ∂θF = − cot θ∂θF . We now have
(4.42) An(∂tF, ∂θF ) = 〈∇tn, ∂θF 〉 = −〈n,∇t∂θF 〉 = 0,
and therefore S is flat.
To show that S is totally geodesic it remains to demonstrate that
(4.43) 0 = An(∂θF, ∂θF ) = 〈∇θn, ∂θF 〉 = −〈n,∇θ∂θF 〉.
By differentiating ∇t∂θF = 0 with respect to θ we find
(4.44) 0 = ∇θ∇t∂θF = ∇t∇θ∂θF + NR(∂θF, ∂tF )∂θF.
Since the curvature tensor is covariantly constant in a symmetric space, it follows that
(4.45) ∇t∇t∇θ∂θF = 0.
Let now e(t) be a parallel transported vector field along the geodesic t→ F (θ, t) which is normal to
S, then
(4.46) ∂2t 〈∇θ∂θF, e〉 = 0.
Furthermore the harmonic map equations show that
(4.47) 〈∇θ∂θF, e〉(θ, 1) = 〈∇θ∂θF, e〉(θ, 0) = 0,
and hence 〈∇θ∂θF, e〉(θ, t) = 0 for all t. As e was arbitrarily chosen normal to S, it follows that
(4.43) holds. 
We are now in a position to state the basic uniqueness result for the singular harmonic maps
having the same asymptotics.
Theorem 4.8. Suppose that Ψ˜1 and Ψ˜2 are two harmonic maps from S
3 \ Γ → N which are
asymptotic to each other, that is their mutual distance distN (Ψ˜1, Ψ˜2) remains bounded. Then there
exists an isometry of the target space ϕ : N → N such that Ψ˜2(s) = ϕ ◦ Ψ˜1(s + c) where s denotes
arc-length parameter and c is a constant.
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Proof. As before let F (θ, t) denote a geodesic deformation connecting Ψ˜1 to Ψ˜2. Then the Poincare´
inequality, equation (4.22), and [4, Theorem 7.1] produce
I(Ψ2) ≥I(Ψ1) + C
∫ π
0
(
distN (Ψ˜1, Ψ˜2)−D
)2
sin θdθ
+ 2
∫ π
0
∫ 1
0
∫ t
0
|K(∂tF, ∂θF )|
(||∂tF ||2||∂θF ||2 − 〈∂tF, ∂θF 〉) sin θdt¯dtdθ,
(4.48)
where D is a constant that represents the average value of distN (Ψ˜1, Ψ˜2). Since both Ψ˜1 and Ψ˜2 are
harmonic, their roles may be reversed in the above inequality. It follows that
(4.49) I(Ψ1) = I(Ψ2),
(4.50) distN (Ψ˜1, Ψ˜2) = D,
and
(4.51) |K(∂tF, ∂θF )|
(||∂tF ||2||∂θF ||2 − 〈∂tF, ∂θF 〉) = 0.
• Case I: K(∂tF, ∂θF ) 6= 0 at some point. If K(∂tF, ∂θF ) 6= 0 at (θ0, t0), then by continuity
this persists for all nearby (θ, t). Thus by (4.51), there exists a neighborhood of (θ0, t0) on which
(4.52) ||∂tF ||2||∂θF ||2 = 〈∂tF, ∂θF 〉.
The Cauchy-Schwarz inequality then implies that these two vectors are multiples of each other, that
is
(4.53) a∂tF = ∂θF.
Since J := ∂θF is a Jacobi field, it is determined by J(t0) and ∂tJ(t0). But for (θ, t) close to (θ0, t0)
(4.54) J(t) = ∂θF (θ, t) = a(θ, t)∂tF (θ, t),
and so
(4.55) J(t0) = a(θ, t0)∂tF (θ, t0), ∂tJ(t0) = ∂ta(θ, t0)∂tF (θ, t0).
The Jacobi equation then yields
(4.56) ∂θF = J(t) = [a1(θ)(t− t0) + a2(θ)] ∂tF.
In particular, the pre-geodesics θ → F (θ, 1) and θ → F (θ, 0) coincide with the geodesic t→ F (θ0, t)
up to reparameterization. We then have Ψ˜1(s) = Ψ˜2(s + c) for some constant c, where s denotes
arc-length parameter.
• Case II: K(∂tF, ∂θF ) = 0 for all points. If D = 0 then we are done, so assume that D 6= 0.
The subset S ⊂ N generated by F (θ, t) is then a 2-dimensional submanifold. According to the
assumptions of this case, Lemma 4.7 implies that S is totally geodesic and flat. Let p ∈ S and
O ⊂ TpN be the 2-plane spanned by ∂θF and ∂tF . The surface S may be extended to be a complete
maximal flat by setting S = expp(O). The pre-geodesics Ψ˜1(θ) = F (θ, 1) and Ψ˜2(θ) = F (θ, 0) are
parallel straight lines in S in light of (4.50). Furthermore, the Iwasawa decomposition of the isometry
group G2(2) may be used to show that there is a subgroup which operates transitively on the maximal
flat S, see [20, Section 6] for details in the SL(3,R)/SO(3) setting which carries over without change
to the present situation as both target spaces are rank 2. Thus, there exists an isometry of the target
space ϕ : N → N which maps Ψ˜1 onto Ψ˜2 up to translation in the arclength parameter. 
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4.4. Proof of the main theorem. In Section 3 it was demonstrated that bi-axisymmetric near-
horizon geometry solutions of 5-dimensional minimal supergravity correspond to singular harmonic
maps from S3\Γ→ G2(2)/SO(4). These harmonic maps were shown to exist in Section 4 asymptotic
to a given model map. The choice of model map gives rise to corresponding minimal supergravity
near-horizon geometries having the prescribed horizon topology S3, S1 × S2, or L(p, q), and with
prescribed electric charge Q, angular momenta Ji, and dipole charge D (in the ring case). The
uniqueness statement of Theorem 2.1 follows directly from Theorem 4.8.
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